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EXTERIOR SCHWARZSCHILD INITIAL DATA FOR DEGENERATE APPARENT
HORIZONS
ALBERT CHAU1 AND ADAM MARTENS
Abstract. In this note we show that if g is a smooth Riemannian metric on S2 such that the first eigenvalue
of the operator Lg := −∆g + Kg is zero, then there exists an asymptotically flat initial data set with
(S2, g) as a corresponding apparent horizon and with ADM mass arbitrarily close to the Hawking mass√
area(S2, g)/16pi. In particular, this determines the Bartnik quasilocal mass (introduced by Bartnik [1] in
1989) associated with (S2, g) in this setting. We prove this by modifying the construction of Mantoulidis-
Schoen [4] who proved the same result in the case that the first eigenvalue of Lg is positive.
1. Introduction
Mantoulidis-Schoen [4] proved that if g is a smooth Riemannian metric on S2 such that the first eigenvalue
of the operator Lg := −∆g + Kg is positive, there exists an asymptotically flat initial data set M having
(S2, g) as an apparent horizon, and with ADM mass arbitrarily close to
√
area(S2, g)/16π. This implies that
the Bartnik quasilocal mass associated with (S2, g) is
√
area(S2, g)/16π by means of the Riemannian-Penrose
inequality, proved by Huisken and Ilmanen in [2] and in full generality by Bray in [3].
In this paper, we extend the above result to include the degenerate case of when the first eigenvalue of
Lg is zero. We thus establish the following Theorem in which λ1(g) denotes the first eigenvalue of Lg and
M+ denotes the space of smooth Riemannian metrics g on S
2 with λ1(g) > 0:
Theorem 1.1. Let g ∈ M+. For any m >
√
area(S2, g)/16π there exists a smooth metric G(p, t) on the
manifold with boundary M3 = S2 × [0,∞) such that G(·, 0) ≡ g and:
(i) (M3, G) has non-negative scalar curvature,
(ii) ∂M3 is minimal in (M3, G),
(iii) the foliating spheres S2 × {t} are strictly mean convex in (M3, G) for all t > 0, and
(iv) for some T > 2m, the metric G(p, t) is equal to the standard mass-m Riemannian-Schwarzschild
metric
gS,m(p, t) = t
2g∗(p) +
(
1− 2m
t
)−1
dt2
for t > T where g∗ is the standard round metric on S2.
Remark 1.1. We refer to Lemma 2.2 (ii) for the sense of mean convexity we are using here.
The proof is sketched as follows. The first step is to construct a so called “collar” which extends the
metric g on S2 × {0} to a warped product metric γ on S2 × [0, 1] satisfying certain properties (see Lemma
2.2). The construction closely follows that in [4, §1], except for a key difference in our choice of the warping
factor which will allow us to begin the construction at the boundary ∂M+. The details of this are carried
out in §2. From this point, the construction in [4, §2] can be envoked, providing a way to join the collar to
an exterior Schwarzschild region resulting in a Riemannian metric G on S2× [0,∞) satisfying the conclusions
of Theorem 1.1. This is presented in §3.
2. Extending to S2 × [0, 1]: a collar extension of g
We begin with the following.
Lemma 2.1. For any g ∈ M+, there exists a smooth path of metrics t 7→ g(t) ∈ M+, t ∈ [0, 1] with the
following properties:
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(i) g(0) = g,
(ii) g(1) is round (constant positive curvature),
(iii) d
dt
g(t) ≡ 0 for t ∈ [1/2, 1],
(iv) d
dt
dAg(t) ≡ 0 for all t ∈ [0, 1] where dAg denotes the area form of g, and
(v) λ1(g(t)) ≥ αt for all t ∈ [0, 1] and some α > 0 depending only on g(0).
Remark 2.1. When g ∈ M+, this result was proved in [4, Lemma 1.2] where condition (v) was implicitly
replaced with the stronger result λ1(g(t)) ≥ c > 0 for some c and all t. When g ∈ ∂M+ however, we have
λ1(g) = 0 and the estimate in (v) will be crucial for our constructions.
Proof. Conditions (i)-(iv) were proved in [4, Lemma 1.2] and we only sketch the proof here, then highlight
the modification needed to ensure the estimate in (v) when g ∈ ∂M+.
By uniformization we may write g = e2wg∗ for some round metric g∗ with area 4π. Now fix a smooth
decreasing function ζ : [0, 1] → [0, 1] with ζ(0) = 1, ζ(1) = 0 and ζ ≡ 0 on [1/2, 1]. Then the proof of [4,
Proposition 1.1] shows that t 7→ e2ζ(t)w(x)g∗ is a smooth path in M+ from g to the round metric g∗. Let
h(t) = e2wζ(t)+2a(t)g∗ where a(t) is smooth, a(0) = 0 and
a′(t) = −ζ′(t)
 
S2
w(x)dAe2ζwg∗ .
It is then shown in [4, Lemma 1.2] that the family g(t) = φ∗th(t) satisfies conditions (i)-(iv) in the Lemma
where φt is the integral flow along the vector field Xt satisfying divhtXt = −2(ζ′(t)w + a′(t)).
We now complete the proof of the Lemma by showing that part (v) holds when g ∈ ∂M+ provided we
prescribe ζ′(0) < 0. Note that λ1(g(t)) = λ1(h(t)) = e−2a(t)λ1(e2ζ(t)wg∗). Thus, it is sufficient to prove
(1) λ1(e
2ζ(t)wg∗) ≥ βt
for all t and some β > 0. Moreover, since ρ(t) := e2ζ(t)wg∗ ∈ M+ for all t ∈ [c, 1] for any c > 0 (see Remark
2.1), we only need to prove that inequliaty (1) holds for 0 < t≪ 1 and some β > 0.
We prove inequality (1) as follows. Since ζ : [0, 1]→ [0, 1] is smooth, we can write ζ(t) = 1+ζ′(0)t+O(t2).
As explained in [4, appendix], there is a smooth positive function u : [0, 1]×S2 → R>0 such that ut := u(t, ·)
is a first eigenfunction of ρ(t) with unit L2 norm (with respect to the area form dAρ(t)).
Now fix some t ∈ [0, 1]. For any s ∈ [0, 1], the formula for Kρ(s) givesˆ
|∇ρ(s)ut|2ρ(s) +Kρ(s)u2t dAρ(s) =
ˆ
|∇∗ut|2∗ + (1 − ζ(s)∆∗w)u2t dA∗
which we view as a linear function Lt(ζ(s)) of the variable ζ(s) and can thus be written as
Lt(ζ(s)) = ζ(s)Lt(ζ(0)) + (1 − ζ(s))Lt(ζ(1))
for all s ∈ [0, 1] where we have used the above properties of ζ. In particular, evaluating the above line at
s = t lets us estimate
λ1(ρ(t)) =
ˆ
|∇ρ(t)ut|2ρ(t) +Kρ(t)u2t dAρ(t)
= ζ(t)
ˆ
|∇ρ(0)ut|2ρ(0) +Kρ(0)u2t dAρ(0) + (1 − ζ(t))
ˆ
|∇ρ(1)ut|2ρ(1) +Kρ(1)u2t dAρ(1)
= ζ(t)
ˆ
|∇gut|2g +Kgu2t dAg + (1− [1 + ζ′(0)t+O(t2)])
ˆ
|∇g∗ut|2g∗ +Kg∗u2t dAg∗
≥ ζ(t)λ1(g)
ˆ
u2t dAg + [−ζ′(0)t+O(t2)])λ1(g∗)
ˆ
u2t dAg∗
≥ [−4πζ′(0)λ1(g∗) inf
x
ut(x)
2]t+O(t2).
In particular, recalling that u : [0, 1]× S2 → R>0 is smooth and positive we may conclude from the last
line above that for t sufficiently small we have infx ut(x)
2 ≥ infx u0(x)2/2 > 0 and thus
λ1(gt) ≥ [−πζ′(0)λ1(g∗) inf
x
u0(x)]t =: βt.
Recall that ζ′(0) < 0 and λ1(g∗) = 1 since g∗ is round. This completes the proof of the Lemma.

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Now we fix some g ∈ ∂M+ and consider the path t 7→ g(t) constructed above. Fix some smooth positive
function u : [0, 1]×S2 → R>0 such that u(t, ·) is a first eigenfunction for Lg(t) with unit L2 norm with respect
to the area form dAg(t) (see [4, appendix]).
Lemma 2.2. There exists 0 < ǫ0 ≪ 1 and A0 ≫ 1 depending on g(0) such that for all 0 < ǫ ≤ ǫ0, A ≥ A0,
the topological cylinder S2 × (0, 1] =: Σ endowed with the metric
γ = (1 + ǫt2)g(t) + Φ(t)2u(t, ·)2dt2
has the following properties:
(i) γ has positive scalar curvature,
(ii) the foliating spheres S2 × {t} are mean convex for all t > 0 in the sense: Ht := −trγρ > 0 for all
t > 0 where ρ is the scalar second fundamental form of S2 × {t} in (Σ, γ) relative to the outward
normal direction ∂t,
(iii) Ht → 0 as t→ 0.
Here Φ(t) : (0, 1]→ R>0 is defined as
Φ(t) =


A√
t
: t ∈ (0, 1/4]
ϕ(t) : t ∈ (1/4, 1/2]
2A− 1 : t ∈ (1/2, 1]
where ϕ is a smooth, decreasing, convex function chosen so that Φ ∈ C∞((0, 1]).
Remark 2.2. When g ∈ M+ it was proved in [4, Lemma 1.3] that the metric γ = (1+ǫt2)g(t)+A2u(t, ·)2dt2
satisfies the same conclusions (i)-(iii) for a sufficiently large constant A. Their proof relies on the fact that
λ1(g) > 0, and thus does not extend to the case g ∈ ∂M+. We get around this by replacing this constant A
with our choice of Φ(t) above, and using the fact that λ1(g(t)) ≥ αt.
Remark 2.3. The presumed singularity at t = 0 is superficial in the sense that changing to the new coordinate
s =
√
t on S2 × (0, 1/4) gives
γ = (1 + ǫs4)g(s2) + 4A2u(s2, ·)2ds2
which extends smoothly to S2 × [0, 1/4). Moreover, since the mean curvature is coordinate invariant and
continuous along the foliating spheres S2 × {s}, we obtain that the boundary sphere {s = 0} is minimal in
S
2× [0, 1] relative to the extension by part (ii) of the Lemma. In fact, Lemma 2.2 could have been stated and
proved for this simpler parametrization as well, but we chose to use the parameter t in the proof for ease of
reference to [4] and in §3.
Proof of Lemma 2.2. The proof of the Lemma is the same as the proof of [4, Lemma 1.3] except for part (i)
where we deviate in our choice of the component Φ(t). We provide the full details of all three parts of the
proof for the readers convenience.
Write h(t) = (1 + ǫt2)g(t), v(t, x) = Φ(t)u(t, x), and µ(t) = (1 + ǫt2)−1λ(t) to simplify our notation to
γ = h(t) + v(t, x)2dt2 and v(t, ·) now being an eigenfunction of −∆h(t) +Kh(t) with eigenvalue µ(t).
Now fix any t ∈ (0, 1]. The mean curvature of the sphere S2 × {t} as a submanifold of (Σ, γ) is Ht =
1
2 trh(t)(ρ) where ρ = 〈N, II〉γ . Here N = 1v(t,·) ∂∂t is the (outward) unit normal and II is the second
fundamental form. To calculate this, let E1, E2 be a local coordinate frame field on S
2 × {t}, which extend
naturally to coordinate vector fields in the product space Σ. Then
ρij = 〈N, II(Ei, Ej)〉γ = γabNa((∇γEiEj)⊥)b = γttN t((∇
γ
Ei
Ej)
⊥)t
= γtt
1
v(t, ·) (Γγ)
t
ij = γtt
1
v(t, ·) (−
1
2
γttγij;t) = − 1
2v(t, ·)hij;t.
Therefore
Ht =
1
2
trh(t)(ρ) = −
1
4v(t, ·) trh(h˙) = −
1
4v(t, ·) trh(h˙) = −
1
v(t, ·)ǫt(1 + ǫt
2)−1
where in the last equality we have used that h˙ = 2ǫtg + (1 + ǫt2)g˙ and the fact that trg g˙ ≡ 0 by Lemma 2.1
(iii). In particular, the spheres S2 × {t} are strictly mean-convex relative to the outward normal direction
since u(t, ·) > 0 while Ht → 0 as t→ 0+. This establishes (ii) and (iii).
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To prove (i), we calculate
h¨ = 2ǫg + 4ǫtg˙ + (1 + ǫt2)g¨ and trhh¨ = 4ǫ(1 + ǫt
2)−1 + trg g¨.
Then by a known formula for the scalar curvature of the warped product metric γ, we have
Rγ = 2Kh − 2v−1∆hv + v−2
[
−trhh¨− 1
4
(trhh˙)
2 +
∂tv
v
trhh˙+
3
4
|h˙|2h
]
= 2µ+ v−2
[
−trhh¨− 1
4
(trhh˙)
2 +
∂tv
v
trhh˙+
3
4
|h˙|2h
]
≥ 2µ+ v−2
[
−trhh¨+ ∂tv
v
trhh˙
]
= 2(1 + ǫt2)−1λ+Φ−2u−2
[
−4ǫ(1 + ǫt2)−1 − trg g¨ + 4ǫt(1 + ǫt2)−1Φ∂tu+ u∂tΦ
Φu
]
= Φ−2(1 + ǫt2)−1u−2
[
2Φ2λu2 − 4ǫ− (1 + ǫt2)trg g¨ + 4ǫt∂tu
u
+ 4ǫt
∂tΦ
Φ
]
=: Φ−2(1 + ǫt2)−1u−2 [I + II + III + IV + V ] .
(2)
By the smoothness of the family g(t), the definition of Φ and the fact that inft,x u
2 > 0 (see [4, appendix])
it follows that
|II|+ |III|+ |IV |+ |V | ≤ C1
for some constant C1 depending only on ǫ0 and g(0). On the other hand, combining Lemma 2.1 part (v),
the definition of Φ, and again that inft,x u
2 > 0 yields
I ≥ C2A0
for some positive constant C2 depending only on g(0).
From (2) we obtain the estimate
Rγ ≥ Φ(t)−2(1 + ǫt2)−1u−2[C2A0 − C1]
from which part (i) of the Lemma follows readily.
This completes the proof of the Lemma. 
3. Extending to S2 × [0,∞): joining collar to an exterior Scharzschild region
We can now complete the proof of Theorem 1.1.
Let g ∈ M+ Consider the Riemannian “collar” (S2 × (0, 1], γ(p, t)) constructed in Lemma 2.2 where
γ = (1 + ǫt2)g(t) + Φ(t)2u(t, ·)2dt2.
Recall that ǫ > 0 can be chosen arbitrarily small, g(1) = g∗ while Φ(t) and u(p, t) are both constant functions
for t ∈ [1/2, 1]. Now for anym >
√
area(S2, g)/16π consider the Riemannian mass-m Schwarzschild manifold
(S2 × (2m,∞), gS,m) where
gS,m = t
2g∗ +
(
1− 2m
t
)−1
dt2
Under these exact conditions it was proved in §2 of [4] that by choosing ǫ sufficiently small, a positive
scalar curvature “bridge” can be constructed between an interior region of the collar and an exterior region
of the Schwarzschild manifold to ultimately give a metric G(p, t) on S2 × [0,∞) which satisfies
(i) G has non-negative scalar curvature,
(ii) G(p, t) = γ(p, t) for t ∈ (0, 1/2], and
(iii) For some T > 2m we have G(p, t) = gS,m(p, t) for t ≥ T .
From Lemma 2.2 and Remark 2.3 we conclude that G satisfies the conclusions in Theorem 1.1, thus
completing its proof.
EXTERIOR SCHWARZSCHILD INITIAL DATA FOR DEGENERATE APPARENT HORIZONS 5
References
1. R. Bartnik, New definition of quasilocal mass, Phys. Rev. Lett. 62 (1989), no. 20, 2346-2348.
2. G. Huisken and T. Ilmanen, The inverse mean curvature flow and the Riemannian Penrose inequality, J. Differential Geom.
59 (2001), no. 3, 353-437.
3. H. Bray, Proof of the Riemannian Penrose inequality using the positive mass theorem, J. Differential Geom. 59 (2001), no.
2, 177-267.
4. C. Mantoulidis and R. Schoen, On the Bartnik mass of apparent horizons, Classical and Quantum Gravity. 32 (2015), no.
20, 205002, 16 pp.
Department of Mathematics, The University of British Columbia, Room 121, 1984 Mathematics Road, Vancou-
ver, B.C., Canada V6T 1Z2
E-mail address: chau@math.ubc.ca
Department of Mathematics, The University of British Columbia, 1984 Mathematics Road, Vancouver, B.C.,
Canada V6T 1Z2. Email: martens@math.ubc.ca.
